Let G be a graph of order n(G), minimum degree (G) and connectivity (G). Chartrand and Harary [Graphs with prescribed connectivities, in: P. Erdös, G. Katona (Eds.), Theory of Graphs, Academic Press, New York, 1968, pp. 61-63] gave the following lower bound on the connectivity
Terminology and introduction

We consider finite, undirected, and simple graphs G with vertex set V (G) and edge set E(G). For each vertex v ∈ V (G), the open neighbourhood N(v) of v is defined as the set of all vertices adjacent to v, while N [v] = N(v) ∪ {v} is the closed neighbourhood of v, and d(v) = |N(v)| is the degree of v. We denote by (G) the minimum degree and by n(G) = |V (G)| the order of G.
A vertex-cut of a connected graph G is a set of vertices whose removal disconnects G. The connectivity (G) = of a non-complete graph G is defined as the minimum cardinality over all vertex-cuts of G. A vertex-cut S is minimum if |S| = . The graph obtained from a complete graph of order 4 by removing an arbitrary edge is called a diamond. A cycle of length p is denoted by C p . We call a graph diamond-free if it contains no diamond as a (not necessarily induced) subgraph, and we call it C p -free if it contains no C p as a (not necessarily induced) subgraph. A graph G is said to be bipartite if its vertex set V (G) can be partitioned into two subsets V 1 and V 2 such that V 1 and V 2 are independent sets of G. Hence, each C 4 -free graph is diamond-free, and each bipartite graph is diamond-free, since it is C 3 -free. If X ⊆ V (G), then G[X] is the subgraph induced by X. For other graph theory terminology we follow Chartrand and Lesniak [2] .
The inequality (G) (G) is well-known (see [10] ). In 1968, Chartrand and Harary [1] presented the following lower bound for . Theorem 1.1 (Chartrand and Harary [1] ). If G is a connected and non-complete graph, then
In 1993, Topp and Volkmann [9] improved this bound for bipartite graphs. [9] ). Let G be a connected bipartite graph.
Theorem 1.2 (Topp and Volkmann
In this paper, we will show that the result of Topp and Volkmann for bipartite graphs is also valid for diamond-free graphs G if (G) 3.
We will also show that this inequality can be improved significantly (essentially 4 is replaced by 2 2 ) if G is C 4 -free. We will show for C 4 -free graphs G that 
Proof. Let S be a minimum vertex-cut of G. We denote the vertex set of a component of G − S of smallest cardinality by W and we letW = V (G) − (W ∪ S). Since < , it follows that 2 |W | |W |. We show that
Let w be an arbitrary vertex in W such that |N(w) ∩ S| is minimum. We define
Note that possibly N 1 is empty, in which case also N 2 is empty. Clearly,
Since G is diamond-free, we observe: Proof. Each bipartite graph and each C 3 -free graph is diamond-free, since it does not contain C 3 's as subgraphs, and thus Theorem 2.1 yields the desired result.
As a simple consequence of Theorem 2.1 and Corollary 2.2 we obtain the following corollary. The following example shows that Corollary 2.3 is best possible in the sense that, for bipartite (and thus C 3 -or diamond-free) graphs, n 3 + 1 does not necessarily imply = .
Example 2.4. Let q be an integer and let G be the graph with 6q + 1 vertices in which the vertex set is partitioned into sets V 1 and V 2 , where |V 1 | = 3q + 1 and |V 2 | = 3q. In addition, the set V i is partitioned into three sets S i , V i,1 and V i,2 (i = 1, 2), where
Hence, it follows that (G) = 2q. Furthermore, the graph G is bipartite which implies that G is C 3 -free, and thus diamond-free.
The graph G satisfies n(G)
C 4 -free graphs
Part (i) of the following proposition is well-known and can be found, for example, in [7] .
Proposition 3.1. Let G be a C 4 -free graph of order n and minimum degree , then
If for each vertex v of G there exist at least b vertices that have no neighbour in common with
Proof. Denote the number of subgraphs K 1,2 of G by k. Since G is C 4 -free, any two subgraphs K 1,2 have different sets of end vertices. At least bn/2 (unordered) sets are not the set of end vertices of a K 1,2 . Hence
The last two inequalities imply (ii). Part (i) follows from (ii) by setting b = 0.
Theorem 3.2. Let G be a connected C 4 -free graph of order n and minimum degree 2. If (G) = < , then
Proof. We define the vertex sets S, W andW as in the proof of Theorem 2.1. Since < , it follows that 2 |W | |W |. Case 1: N(w) ∩ S = ∅ for all w ∈ W . Choose a vertex v ∈ W for which |N(v) ∩ S| =: x is minimum. Then v has at least − x neighbours in W and each such neighbour has at least x neighbours in S. Since G is C 4 -free, no two neighbours of v have a common neighbour in S, hence
Since 1 x − 1, inequality (1) implies that either x = 1 or x = − 1. If x = − 1, then |S| = − 1 and each vertex in W is adjacent to each vertex in S, implying that G contains a C 4 or that W has only one vertex, a contradiction. Thus x = 1 and |S| = − 1. Let v be a vertex in 
On the other hand, we have |S|= − 
We show the following lower bound on |W |.
is ( −1)-regular and C 4 -free, Proposition 3.1(i) yields |W | ( −1)( −2)+1. This bound, in conjunction with (2), implies the statement for the case that is even. Now assume that is odd. By Proposition 3.1(i) and (2), we have |W | ( − 1)
2 . In view of (2), it suffices to show that the inequality is strict. Suppose to the contrary that |W |=( −1)
2 . Consider a vertex w ∈ W i . By the above, w has exactly one neighbour in w j ∈ W j for j =1, 2, . . . , −1. Let H w be the graph induced by {w 1 , w 2 , . . . , w −1 }. Vertex w i is isolated in H w since otherwise some vertex in G[W ] would have two neighbours in W i . Now H w has maximum degree 1. Suppose that w j is adjacent with w k and w t such that j = k = t = j . Then w j w k ww t w j is a 4-cycle, a contradiction. Therefore, the number of isolates of H w is even and H w contains an isolate vertex w k = w i . There are at least − 1 vertices, namely those in (W i ∪ {w k }) − {w}, which have no common neighbour with
a contradiction. Hence our assumption |W | = ( − 1) 2 is false and |W | ( − 1)( + 1) follows. With |S| = = − 1, |W | |W | and the above bound on |W |, we obtain
which implies the desired result.
Since G is C 4 -free, the sets N(u) − {w} for all u ∈ N(w) are disjoint. We deduce that
If is odd, then the above inequality is strict, since otherwise each neighbour of w is adjacent to some other neighbour of w and the handshake lemma yields the existence of a neighbour of w adjacent to two other neighbours of w, and G contains Analogously, we obtain the desired inequality if is odd. It is easy to see that the bound in Corollary 3.3 is sharp for = 2. The following example will show that Corollary 3.3 and Theorem 3.2 are also best possible for = 3. In the case that 4, the bound in Corollary 3.3 is not sharp. For example, if = 4, then a tedious case analysis shows that = = 4 for n 28. But this improvement of Corollary 3.3 may not be worth the additional effort. However, the 4-regular, C 4 -free graph G in Fig. 2 shows that this bound is sharp, because n(G) = 29 and (G) = 3.
It seems to be very difficult to find the correct bounds in Corollary 3.3 for 5. However, the next example will show that Corollary 3.3 is asymptotically best possible.
The following graph G is based on a well-known construction (see for example [4] ) of a C 4 -free graph H of order q 2 + q + 1, where q is a prime power. For completeness, we give the construction of the graph H . Let F q be the finite field of order q and let F 3 q be the vector space, over F q , of triples of elements of F q . Let H be the graph whose vertices are the one-dimensional subspaces of F 3 q . Two vertices u and v of H are defined to be adjacent if they are, as subspaces, orthogonal. Let u be a vertex of H . Since the orthogonal complement of the subspace u, denote it by u, is a subspace of dimension 2, it has q 2 − 1 non-zero elements. Since each one-dimensional subspace has q − 1 non-zero elements, u has (q 2 − 1)/(q − 1) = q + 1 subspaces of dimension 1, and so u has degree q + 1. Therefore, H is (q + 1)-regular. Moreover, any two distinct vertices u and v of H have exactly one common neighbour. To see this, observe that a common neighbour of u and v is orthogonal to both, u and v, and is thus in the orthogonal complement of the two-dimensional subspace generated by the union of u and v. Now the orthogonal complement of a subspace of dimension 2 has dimension 1 and hence contains exactly one subspace of dimension 1, the unique common neighbour of u and v. Therefore, any two vertices have a unique common neighbour, which implies that H is C 4 -free. Now consider the graph G obtained from two disjoint copies of H by choosing two vertices, one from each copy, and identifying them to a new vertex v. Clearly, G is a C 4 -free graph order n = 2q 2 + 2q + 1 and minimum degree = q + 1, and connectivity (G) = 1 = 2 2 + 2 − 2 − n. Using the same arguments as in the proof of Theorem 3.2, one can show the next result, whose proof we omit. Theorem 3.5. Let G be a connected C 3 -and C 4 -free graph of order n and minimum degree 2. If (G) = < , then 2 2 + 2 − n.
